Abstract-The phase noise effect in multiple-input-multipleoutput systems employing orthogonal frequency division multiplexing is considered in a realistic scenario where the estimated channel matrix is affected by an error. The analytical SINR degradation due to phase noise and channel estimation is obtained for linear receivers (ZF and MMSE).
derive an analytical expression of the SINR degradation after two types of linear receivers, ZF and minimum mean squared error (MMSE). Moreover, we evaluate this degradation in the general case of spatially correlated multipath channel and without any approximation of the phase noise term. Some preliminary results were presented in [9] , resorting mainly to simulations. Here we present in detail the analytical derivation of the SINR degradation. In [10] part of these analytical results was used to discuss the system parameters (number of antennas, multipath and phase noise conditions, and estimation errors) only for a spatially white channel.
II. MIMO-OFDM SYSTEM
The spatial multiplexing MIMO-OFDM system [11] is shown in Fig. 1 , where M T independent data streams are OFDM modulated over N sub-carriers and sent to M T 
H denotes the conjugate transpose. In a separable channel model, R T and R R correspond to the antenna correlations at transmitter and receiver, respectively. The phase noise θ(t) at the receiver, sampled at kT , θ k = θ(kT ), coming mainly from the downconversion by high-frequency oscillators, is assumed to be the same for all the antennas. The received signal after the discrete Fourier transform (DFT), y = [
] T , with
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channel frequency response, where each block is the nth subcarrier component of the channel DFT,
The phase noise matrix Q in (1) is
where ⊗ is the Kronecker product and Θ n is the nth component of the phase noise vector DFT
The value E[|Θ n | 2 ], required for the ICI power, can be obtained by the phase noise spectral characteristics:
is the power spectral density (PSD) of the sampled phase noise process P (s) θ ( f ), evaluated at the nth sub-carrier frequency,
is related to the continuous-time phase noise PSD P θ ( f ) by periodic repetition
The phase noise PSD in PLL-based frequency synthesizers can be expressed as a weighted sum of components
, where the characteristic frequencies of each component f i and the relative weights a i strongly depend on the actual technology and device [12] . In the case of free running oscillators, they can be accurately characterized by a Wiener phase noise, which corresponds only to the 1/ f 2 PSD component. In this case the amount of phase noise is usually expressed by the 3-dB carrier bandwidth B, normalized to the sub-carrier spacing B θ = B NT . An alternative approach often employed is the approximation of the exponential e jθ k by its first order Taylor series expansion, 1 + jθ k , which holds in the case of small phase noise [2] .
Finally w in (1) is the AWGN contribution, where the phase noise is neglected, due to circular symmetry. We can then introduce an overall equivalent channel matrix H eq = QH, giving y = H eq x + w. We define the reference signal to noise ratio (SNR) as the ratio between the useful component and the noise power,
III. RECEIVER SCHEMES
We will analyze linear receivers (ZF and MMSE), where the recovered signal is obtained by z = Gy. With ZF the matrix G ZF , which removes the spatial interference at the expense of enhancing the additive noise, is G ZF =H † eq , where (⋅) † denotes the Moore-Penrose pseudo-inverse andH eq =HQ is the estimated overall channel matrix. With MMSE the matrix G MMSE , balancing the spatial interference with the noise, is
For both receivers we assume that first the CPE is compensated [1] by multiplication of the received signal by the matrix Θ −1 0 I NM R , in other words Q is approximated by its diagonal elementsQ =Θ 0 I NM R andH eq =Θ 0H . The CPE can be estimated by means of N p pilot sub-carriers, inserted in the OFDM symbol at positions p i , i = 1,... ,N p on the antenna streams M j , j = 1,...,M p . It is estimated as the mean phase displacement with respect to the expected symbol [13] , by an averageΘ
where y p i ,M j denotes the received value at the positions where the pilot symbols are placed, and x p i ,M j is the corresponding pilot symbol value. The effect of the estimation process on Θ 0 can be expressed byΘ 0 = Θ 0 + ε CPE , where ε CPE is the error in the CPE estimate, with zero mean and variance σ 2 CPE . The residual error left by CPE estimation will depend on the number of pilots and phase noise characteristics. For example, with the CPE estimation technique reported in [16] , 4 pilots out of 64 are enough to obtain the same performance as without phase noise when Wiener phase noise has B θ < 5 ⋅ 10 −2 and SNR = 30 dB. Channel estimation in MIMO-OFDM uses typically pilot symbols scattered in time and frequency, and has been extensively analyzed (see for example [14] and references therein). Here, we include the final estimation error on H by an additive term Z, and the actual channel matrix is H =H + Z where Z is independent of H, with zeromean independent Gaussian elements z[i, j] whose variance σ 2 est is equal to the mean-squared error (MSE) obtained by the channel estimator. The accuracy of the channel estimate obtained by N p pilots inserted in the OFDM signal depends on the position of the pilots. The best achievable MSE for each SISO-OFDM channel is [17] MSE = (σ 2 n N p )/E p where E p is the pilot energy and σ 2 n the AWGN variance. Note that CPE and channel estimation are usually performed separately; moreover, from (7) the effect of a channel estimation error on H has a reduced effect on the CPE estimation, so that we consider Z and ε CPE independent.
IV. SINR DEGRADATION
We define the SINR after the receiver as the ratio between the useful signal power σ 2
x and the variance of the overall disturbance caused by noise and spatial interference σ 2 0 , that is, SINR = σ 2 x /σ 2 0 . In ideal conditions, that is, without phase noise or estimation error, the SINR for the the nth signalling vector at the output of the ZF receiver is [15] 
while for the MMSE receiver, on the nth signalling vector, it has the form
where [⋅] n,n indicates the (n, n)th entry of a matrix. In the following evaluations the average SINR over all the signalling vectors is considered, SINR =
The joint effects of phase noise and estimation error will be accounted for by the SINR degradation, defined as the increase to the SINR giving the same error probability as in the ideal case of perfect channel knowledge and no phase noise. In the non-ideal case we should reduce the disturbance power by the overall interference power σ 2 ICI to get the same performance, where
with σ 2 v n denoting the ICI variance on the nth sub-carrier, averaged over the M T transmit antennas, obtained in the next section. Then the degradation D is the ratio between the new SINR, with disturbance power reduced by the ICI variance σ 2 ICI , and the original SINR, in dB
Clearly, from (11), the degradation goes to infinite if σ 2 ICI gets close to σ 2 0 . This is a floor effect due to the dominance of phase noise and channel imperfections at high SNR.
V. DERIVATION OF THE ICI VARIANCE
The overall interference term v at the decision point, which includes ICI and imperfect CPE estimation after equalization, is
If we consider the component on the nth sub-carrier, we have
where G n is the nth diagonal block of G. The ICI variance on the nth sub-carrier, averaged over the transmit antennas M T , is then
where the symbols x i have been assumed independent with
A. ZF receiver
In the expression of the ICI variance (14) , for the ZF receiver we have
Because of the independence of Z and H and E
for M R > M T , since the above term represents the expected value of the trace of an inverse Wishart matrix [18] . To evaluate the first right-hand-side term of (15), the joint channel frequency response statistics on sub-carriers i and n are required. The channel frequency response on different subcarriers can be expressed by a combination of a totally correlated component and an independent component, weighted by the sub-carrier correlation ρ, namely H i = ρH n + √ 1 − ρH I , where H I is independent of H n , and the correlation is the Fourier transform of the power delay profile (PDP) evaluated
For example, for an exponential PDP, ρ =
1+ j2π(n−i)Δ f T rms
, where T rms is the channel r.m.s. delay spread. Here we assume that the PDP does not depend on the transmit-receive antenna pair, as in [19] . The case of different PDP for different antenna pairs is detailed in the Appendix. Considering the first (correlated) component, ρH n , we have
Considering the second component, 
For the particular case of Wiener phase noise and spatially incorrelated channel with exponential PDP, the variance of the overall phase noise interference after ZF can be summarized in
B. MMSE receiver
Also in the case of the MMSE receiver, in the trace of the inner matrix of (14), we can separate the effects of the estimation error and of the sub-carrier correlation,
Again we can express H i as H i = ρH n + √ 1 − ρH I , where the latter is independent of H n . The difference between the MMSE and ZF is relevant in the low SNR region, since for high SNR G MMSE converges to G ZF . Then, for low SNR, G n can be approximated as G n = SNR H H n , and
In fact the expectation in (22) represents the mean value of the trace of a Wishart matrix [18] . For the correlated component, the expected trace of the square of a Wishart matrix [18] gives
] .
(23) In the independent fading term, we have the expected trace of the product of independent matrices [18] with
. With MMSE at low SNR, the overall phase noise interference variance for the particular case of Wiener phase noise and spatially incorrelated channel with exponential PDP, is
VI. PERFORMANCE RESULTS To validate the above expressions, we show some results with N = 64 sub-carriers and, without loss of generality, the same variance of the estimation error on the channel and on the CPE, σ 2 est = σ 2 CPE . First, we present the case of independent fading among the sub-carriers and Wiener phase noise, to compare our analytic approach with simulations and with [2] . The curves of the ICI power vs. B θ of Fig. 2 show a very good matching, although the first order approximation of [2] is slightly optimistic. Note that the assumption of independent fading in sub-carriers is an idealization analyzed here just to compare with [2] . In practical systems, pilot-based channel estimation would not work in such circumstances so that the T rms = 0.1 T MSE=−30 dB 2x3 theor. SNR=5 dB 2x3 simul. SNR=5 dB 2x8 theor. SNR=5 dB 2x8 simul. SNR=5 dB 2x3 theor. SNR=10 dB 2x3 simul. SNR=10 dB 2x8 theor. SNR=10 dB 2x8 simul. SNR=10 dB number of sub-carriers is always properly designed to avoid this condition. As examples of more realistic channel models, we use a spatially uncorrelated channel with exponential PDP with T rms = 0.1, and on the other hand also a fully realistic spatially correlated channel with the spatial correlation and the PDP specified by 3GPP for the LTE evaluation [19] . Fig. 3 shows the SINR degradation of ZF for SNR= 5 dB and estimation error MSE= −30 dB, with a good fit between the simulations and the theoretical analysis and again [2] is slightly optimistic. To illustrate the performance of MMSE, a more general phase noise model is adopted [12] , with an example of PSD with 1/ f 3 decay up to f 3 , then 1/ f 2 up to f 2 = 10 f 3 , followed by a fixed white noise level of −140 dBc/Hz for f > f 2 . The value in dBc/Hz of the phase noise PSD at 0.1Δ f is considered as a parameter, thus setting f 3 . Fig. 4 compares the theoretical SINR degradation with the simulation values, again with MSE= −30 dB, for reference SNR= 5 dB and 10 dB. We note a very good match between the theoretical and the simulation results, especially for low SNR, while at higher SNR values the theoretical result becomes an upper-bound.
VII. CONCLUSIONS
We derived the expression of the SINR degradation in linear receivers for MIMO-OFDM, considering both the channel estimation error and the phase noise, with partial CPE compensation. The accuracy of the expressions has been compared to previously published works and verified with simulation results.
